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Abstract 

We show that the Godel type Metrics in three dimensions with ar- 
bitrary two dimensional background space satisfy the Einstein-perfect 
fluid field equations. There exists only one first order partial differ- 
ential equation satisfied by the components of fluid's velocity vector 
field. We then show that the same metrics solve the field equations 
of the topologically massive gravity where the two dimensional back- 
ground geometry is a space of constant negative Gaussian curvature. 
We discuss the possibility that the Godel Type Metrics to solve the 
Ricci and Cotton flow equations. When the vector fleld is a Killing 
vector field we finally show that the stationary Godel Type Metrics 
solve the field equations of the most possible gravitational field equa- 
tions where the interaction lagrangian is an arbitrary function of the 
electromagnetic field and the curvature tensors. 







1 Introduction 



In three dimensions there are several attempts to find exact solutions of 
Einstein and Topologically Massive Gravity field equations [l]-[4]. In these 
efforts authors usually start with a specific ansatz for the spacetime metrics. 
It seems that the Godel type metrics [5] -[7] will be very convenient and 
practical in searching solutions of the field equations in three dimensions. 

In a D dimensional spacetime the Godel type metrics are defined by 

Ofiu = - Ufj_u^ (1) 

where h^iy is the metric of a — 1-dimensional locally Euclidean Einstein 
space with h^u = and is a unit timelike vector field with = — ^ 6q. 
We studied these metrics when uo is a constant in [5] and when uo is not 
constant in [6]. Although, in these works our approach was independent 
of the dimension of the spacetime we focused our attention to the cases 
D > 3 in much detail. In these works we obtained exact solutions of various 
supergravity theories in various dimensions. In [5] since Uq was considered to 
be a constant our solutions contain no dilaton field. If uq is not a constant 
it plays the role of the dilaton field. In [6] we found exact solutions of the 
supergravity theories with dilaton. In [7] we studied the closed timelike 
curves in Godel type metrics and showed that when the vector field is 
also a Killing vector of the spacetime geometry then there always exist closed 
timelike or null curves in Godel type spacetimes. 

In this work we shall consider the Godel type metrics in three dimensions 
with Uq constant (or goo is a constant). The case with uq is not a constant will 
be discussed later. There are several interesting properties of the spacetime 
geometry in three dimensions. In two dimensions since the Ricci tensor is 
proportional to the metric then the metrics of any three dimensional space- 
time is of Godel type. In three dimensions energy momentum tensor of a 
Maxwell field of the vector filed is equivalent to the energy momentum 
tensor of a perfect fiuid with stiff equation of state. With these properties 
we show in Section 3 that any G5del type metrics in three dimensions satisfy 
the Einstein-Perfect fiuid field equations. Using the result of Section 3 we 
show in Section 4 that Godel type metrics in three dimensions satisfy the 
field equations of the topological massive gravity (TMG) provided that the 
two dimensional space is a space of constant curvature. We find all possible 
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Godcl type solutions of TMG and show that our previous solution [1] of TMG 
is a special case. The Ricci and Cotton tensors for the Godel type metrics 
take very simple forms which attracts us to consider the corresponding flow 
equations. We study the Ricci and Cotton flow equations in Section 5. In 
the last Section we construct a closed tensor algebra which enables the Godel 
type metrics to solve the field equations of a most general Lagrange function 
of metric, Ricci, curvature and the antisymmetric Maxwell tensor field and 
their covariant derivatives at all order. 

2 Godel Type Metrics in General Relativity 

Let m'^ = — — be a timelike vector with Un = constant, in D dimensional 
spacetime M and h^i, be the metric of -D — 1 dimensional Euclidean space 
such that h^^, = 0. Godel type of metrics are defined by [5] 

Qnu ^ h,^,^ - u^u^. (2) 
Let us define an antisymmetric tensor ff^^, as 

faf3 — Up^a — Ua,l3- (3) 

The Christoffel symbol corresponding to the metric (1) is 

K(3 -laf3 + l i^a F + Up f a) - ^ {Ua\p + Up\a) , (4) 

where a vertical stroke denotes covariant derivative with respect to the Christof- 
fel symbol 7^^ and a semicolon or nabla V will denote covariant derivative 
with respect to the Christoffel symbol V^^. It is easy to show that 

u^d^Uf, = 0, u''U = 0. (5) 

Then 

iit" ^ u'' u^.^ ^ 0. (6) 

It is a property of the Godel type of geometries that the vector field is also 
a timelike KiUing vector field of the spacetime geometry (M, g) and hence 
we have 
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fal3 = '2Ui3-a- (7) 

We define the current vector corresponding to tlie antisymmetric tensor 
field /^^ as 

j^ = f%\a^^ar .-^fu,: (8) 

where p^f^^f^-. 

It is now straightforward to prove the following Proposition [5] 

Proposition 1. Let (M,g) be a stationary spacetime with the Gddel type met- 
ric (1). Let hfj,i, be the metric tensor of D — 1-dimensional locally Euclidean 
space, then the Einstein tensor becomes 

1 1.1 
G^z. = r^,,,- -hf,^r + - T^^ + - (j^, + u^) + 

[Jf + \^u^,u^-]^{u''ja)g^,u, (9) 

where T^^ denotes the Maxwell energy-momentum tensor for f^y, r^y is the 
Ricci tensor ofj'^ap- The Ricci scalar is obtained as 

where r denotes the Ricci scalar of r^/s ■ 

The above Proposition gives the Einstein tensor of (1) without any condi- 
tions. In order to have a physical energy momentum distribution we assume 
that D — 1-dimensional space is an Einstein space (a vacuum space with a 
cosmological constant) and the current vector field vanishes everywhere. 
Then we have 

Proposition 2. Let {M, g) be a stationary spacetime geometry with the 
Gddel type metric (1). Let h^y he the metric tensor of the D — 1-dimensional 
Einstein space, r^y = -jy—^ h^y and let = 0. Then the metric g^y satisfies 
the Einstein field equations with a charged fluid 

1 

G^y ^ -^y+iP + P) Uy + Pgf,y , (lO) 
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with 



= ^/v, (11) 

V - (12) 
P = \f + r. (13) 

Here p is the pressure and p is the energy density of the charged perfect fluid. 

Here the signs of the fluid pressure and the fluid energy density depends 
(in particular for D > 3) on the sign of the Ricci scalar of the D — 1 dimen- 
sional Euclidean space with metric hfj_i,- 

Corollary 3. // /i^jy is the metric of a Ricci fiat space then the energy 
momentum distribution for the Einstein field equations for the metric g^i, 
becomes charged dust,i.e., 

G,.^\Tl^-r\fu,u^ (14) 
provided f satisfies the equation 

f%\a = (15) 

andT^ is the Maxwell energy momentum tensor for the antisymmetric tensor 
f ^ 

where f^ — f^^ fa/s- Maxwell's equations (15) can also be written as (11) 

Hence Godel type metrics (1) satisfy the Einstein field equations with 
charged dust distributions where the only field equations are the Maxwell 
equations (15) or (??) and the Ricci fiat equations for There is no 

electric field {u^ ffxi — foi — 0), only the magnetic field exists. We have the 
gauge freedom 

u'f, = u^ + d^9: (16) 
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where r2 is a function satisfying the condition (recall that u'^ = — j-, = 

uo ' 

m'o = uq + don (17) 

Both Mo and u'q are constants. For the stationary spacetime , which is the 
case in this work, we have not depending on and u'q — uq (constant) 
but this leads to constant Jl. 

u'^ = u'' + gf"" O,^ (18) 

or 

% = (19) 

Uq Uq 

since u'q — uq then Q = constant. Hence we have the following Proposition 
Proposition 4. The only gauge transformation 

K'^ = hu,,^, ^Ufj, + d^n (20) 
keeping the stationary Gddel type metric invariant is the one with constant 

n. 

In this work we only considered the case where Uq is a non vanishing 
constant. In [6] we have studied the Godel type metrics when uq is not a 
constant. In this case, the proposed metric yields exact solutions to the 
various theories with a dilaton field. 



3 Godel Type Metrics in Three Dimensions 

In three dimensions Godel type of metrics have very interesting properties. 
All three dimensional metrics can be written as a Godel type of metric with 
a non-constant uq- 

Proposition 5. All metrics of the spacetime geometry are of Godel type with 
a non-constant Uq. Any three dimensional metric can be written as follows: 
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ds^ = -P^dxy + 2Mdx°dx^ + 2Ndx°dx^ + 
Q\dx^)^ + 2Ldx^dx^ + R\dxY 

= -P\dx' - ^dx' - ^dxY + + Q'){dx'f + 

+ ^)dx'dx' + + R'){dx')^ (21) 

where P, M, N.Q, L, R are functions of x^,x^ and x"^. Then the last form 
(21) is of Gddel type (1) with 



u^dx" = P{dx''-^dx^-^dx''), 
h^^dx'^dx^ - {^ + Q^){dx'f + 2{L + ^)dx'dx^ + 

{^ + R'){dxy (22) 

Hence uq — P which is not a constant in general and h is the metric of a 
two dimensional locally Euclidean space. 

Corollary 6. When {M, g) is stationary and uq = constant then metric 
functions depend on x^ and x^, and P — constant 

Another interesting property of three dimensions is that any antisymmetric 
tensor field /^j, can be expressed as e^,ya where is any vector field. Since 
Uq is constant and Uafi = (stationarity) then -u" fajs = 0. This implies that 
v" is proportional to Hence we have the following Proposition: 

Proposition 7. The antisymmetric tensor f^i, can be expressed as 

f^^ = 2w r]f,^a (23) 



where w is an arbitrary function and r]^ya = v Ifi'l ^fiva- Here e^^a is the 
totally antisymmetric Levi-Civita tensor. Hence from (7) we have 

V^u^^wrj^^au'' (24) 
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Taking the divergence of (23) we obtain 

^.r^lfu" +2w,^rj'"'^u„ (25) 
where = | This leads to the following result: 

Proposition 8. The above equations (25) imply that in three dimensions the 
Maxwell equations (11) are satisfied if and only if w or f^ = constant. 

In three dimensions due to the property (23) the energy momentum tensor 
of ffiu becomes the energy momentum tensor of a perfect fluid with p — p 

equation of state. 

Proposition 9. In three dimensions due to the property (23) the energy 
momentum tensor corresponding to the antisymmetric tensor field f^j^^, reduces 
to 

Ti.-lf'u,u^ + \f9,., (26) 

where the the energy density and the pressure are respectively given by 

P=\f, P=\f- (27) 

Hence the we have the stiff equation of state p = p. 

Then any stationary spacetime metric in three dimensions with = constant 
satisfies the Einstein perfect fiuid field equations. We state this as the next 
proposition which will be used later for different purposes. 

Proposition 10. Let D=3 in Proposition 2 and use Proposition 9 for the en- 
ergy momentum tensor of f^^, then the stationary Gddel type metrics (1) with 
constant f^ satisfy the Einstein field equation with a perfect fluid distribution 

G^. = ^ (/' + ^2) u^u,+ ^- f g^,, (28) 

where r2 is the Ricci scalar corresponding to the two dimensional metric 
tensor h^j^i,. Energy density and the pressure of the fluid are respectively given 
by 
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P=lf, P=lf + lr, (29) 

To have some specific solutions we need a coordinate chart. For this purpose 
let us now consider the metric in polar coordinates (geodesic polar coordi- 
nates) . 

Proposition 11. Without loosing any generality we can write the metric 
given in (21 Jin polar coordinates so that the two dimensional part the coor- 
dinate curves are orthogonal 

ds^ = dr"^ + dO"^ - {uq dt + uidr + U2 dOf, (30) 

where = {uq,ui,U2). Here uq is a constant, a;'* = {t,r,9), the functions 
m, n, ui and U2 depend on r and 9. The only field equation (23) reduces to 
a single equation 

ui^e — U2,r + '^wmn, (31) 

which is equivalent to p = 8w^ — constant. As a conclusion, for any 3 
dimensional m,etric Qf^^ with goo is a constant. Eg. (31) solves the stationary 
Einstein- Perfect fluid equations where the pressure and energy density are 
given in (29) 



4 Godel Type Metrics in Topologically Mas- 
sive Theory 

Topologically Massive Gravity (TMG) equations found by Deser, Jackiw and 
Templeton (DJT) [8] with a cosmological constant are given as follows. 

G(; + -a^ = Ae (32) 

Here G^i, and i?^,^ are the Einstein and Ricci tensors respectively and is 
the Cotton tensor which is given by 

Ct: = 7i^^^Vo.{R.p-\Rg.p). (33) 



The constants fi and A are respectively the DJT parameter and the cosmo- 
logical constant. 

To solve the DJT field equations some time ago we have introduced a 
method [1]. In this method we start with Einstein's equations with a perfect 
fluid source 

G^. = T^u, (34) 

with 

T^u ^ {p + p)ui^Ui,+pg^i,, (35) 

where the fluid equations are obtained through the conservation equation 
j'/i'^ — Q p a^jifj p g^pg respectively the pressure and energy density of the 
fluid and is the fluid's timelike unit four velocity vector , i.e, u^^Ui^ — — 1. 
We have the following result which was reported previously [1] 

Proposition 12: Ifp, p are constants and 

-u^ = I r]ij,^a u"' (36) 

then any solution of the Einstein equations = T^j^ with a perfect fluid 
distribution is also a solution of the TMG (32) with a cosmological constant 
X = ipp and 

11^ Ao 
P = P-^^ (37) 

2 

where Aq = A + ^ . 



If the Ricci scalar r2 of the metric hf^u is a constant then as a consequence 
of the Proposition 12 any Godel type of metrics solve the DJT equations 

Proposition 13: Stationary Godel type metrics in three dimensions with 
constant f^, see Proposition 10, solve also the TMG field equations if the 
two dimensional background space is of constant Gaussian curvature (orr2 — 
constant) and 

H = 3w, r2 = -2{w^ + 3A) (38) 
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Eq.(38) implies that the two dimensional geometry with the metric h^i, is 
flat if Ao = As an application of the above Proposition 14 let us consider 
the following solution of the TMG [1] 

Proposition 14. The following metric solves the Topologically Massive 
Gravity equations exactly 



ds' = -aodt^ + 2qdtde +^^^^^de^ + ^dr^ 

ao ip 

= -{J^dt - 4= d9)f + ^de^ + \ dr^ (39) 



where uq = ^/ao, Ui = and = — ^ and 



-0 = ^'0 + ^ + — ;- r 



6i ^ 3 Aq ^2 

j,2 4 



eo// 2 

h ^ Cor, Ao = A + ^ 

where ao , bo , bi , cq and cq are arbitrary constants. 

The above solution is very special. All the metric functions depend only 
on the radial coordinate r. We may call this solution as stationary spherically 
symmetric (solutions not depending on the angular coordinate 9) Godel type 
metrics. 

Remark 1. In the study of the black holes solutions in topologically massive 
gravity, Ait Moussa et al [2] considered the solution of Vuorio [9] which is 
given by 

ds^ ^-[di- (2 cosh a + w)d(fi]'^ + da^ + sinh^ a d(p^ . (40) 

where w is a constant. This solution is a special case of our solution (39) 
with A = 0, /X = 3 and 

ho = -2, 6i = 0, eo = 1/2, ao = 1, Cq = ri) - 2 (41) 
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The transformation links our solution to the Vuorio solution is given as t = 
i,9 = (fjv"^ = 4(1 + cosher). Our analysis shows that the Vuorio solution 
is also of Godel type. Hence one may use a similar analytic continuation 
used in [2] to our solution (39) with A 7^ 0, 7^ 3 to convert it to a black 
hole solution of TMG. We remark [10] also that the solution given in (39) is 
equivalent to the solution (3.13) of Ait Moussa et al [3]. 

Now we will show that, using Proposition 10 it is easy to generalize the 
above spherically symmetric solution of TMG. Our solution (39) given above 
has two dimensional space with metric 

dsl^^de^ + ^dr' (42) 

where the Gaussian curvature is found as K = SXq = 3A + which is 
a constant. Ricci scalar r2 and the Gaussian curvature K are related by 
r2 = 2K. To write the above exact solution of the TMG compatible with 
the notation in Proposition 10 we get the following identifications 

1 h^/i^ 
m = n = —— (43 

Ui = 0, ^(co + wcqt'^). (44) 



where ip and h are defined in Proposition 15. 

To generalize the above solution (39) we leave the two dimensional part 
(42) the same, i.e., letting 

m = n = —= (45) 

and take the most general solution of Eq.(31), i.e., 

ui,e = U2,r + 2w-^r (46) 

We solve U2 from this equation as 

1 / 2 
U2 = =(co + weor 



) + f Mdr (47) 
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where cq is arbitrary constant and ui is left free. Hence the metric 

ds'^ = dr^ + dO'^ - {uq dt + Uidr + U2 dOf (48) 

with m, n, and U2 given above (45) and (47) respectively, solve the TMG 
exactly. Here Ui (r, 9) is left arbitrary which was taken to be zero in our 
solution (39). Hence we have the following result: 

Proposition 15. We obtain the most general stationary solution of Topolog- 
ically Massive Gravity when goo is a constant. The solution is given in Gddel 

type where Uq = Ui is an arbitrary function of r and 6, U2 is given in 

(47) and the two dimensional metric is given in (42) with constant Gaussian 
curvature K = 3Xq. This solution generalizes our solution presented in [1] 



5 Ricci and Cotton Flows 

In this section we shall assume that the Gaussian curvature K of the two 
dimensional space with metric h^i, is a constant. From Proposition 10 we 
have the Ricci tensor of a stationary Godel type metrics 

R^.u = lif + ^2) + ^ (r2 + ^ f^) g^, (49) 

where r2 = 2K is the Ricci scalar corresponding to the two dimensional 
metric tensor h^^. Then we have an exact solution of the Ricci flow equation 

Proposition 16. Let (M, g) be the stationary Gddel type spacetime with 
f^ — constant as in Proposition 10. Then Ricci flow equation [11] 



= (50) 



ds 

where s is the flow parameter and ^ is an arbitrary constant, has an exact 
solution if 



ds 
dh 



ds 



= -i{K-2w^)h 



(51) 
(52) 
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The above flow equations (51) and (52) are solved exactly by playing with 
the constants bo, cq, Aq, and cq. As an example mq (or oq) has the following 
behavior under the this flow 

iio = Ko(0)e-«"''^ (53) 

where mo(0) is an arbitrary constant. On the other hand taking the trace of 
both sides of (50) we obtain that uq — uo{0)e~^^'^ +k)s_ Hence comparing 
with (53) we get K = 0. 

Proposition 17. The Ricci flow equations have Gddel type of metrics as 
exact solutions only when the two dimensional space is a space of zero cur- 
vature 

Proposition 18 The Cotton tensor for stationary Gddel type metrics take 
the following simple form 

C''^^-w(p + p) (5^ + 3ii'^ u,) . (54) 



Hence the spacetime geometry {M,g) is conformally flat if A = The 
Cotton flow equation 

^ = C^^.. (55) 

where C is a constant and s is the flow parameter. These equations were 
recently used by [12]. Here we show that Godel type metrics solve exactly 
the Cotton flow equations (55) only when the Cotton tensor vanishes. For 
Cf^u given above we have 

Proposition 19. Let (M, g) be the stationary Gddel type spacetime with f^ — 
8w^ constant as in Proposition 10. Then Gotton flow equations (55) lead to 
the following flow equations for h^i, and 



ds 
dh 



ds 



k Ufx, 
-kh 



(56) 
(57) 
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where k = (w (p+p). Again the above flow equations (56) and (57) are solved 
exactly by playing with the constants 60, cq, Aq, and cq. As an example uq 
(or oo) has the following behavior under the Cotton flow 

Uo^Uo{0)e-''' (58) 

where Uo{0) is an arbitrary constant. On the other hand taking the trace 
of both sides of (55) we obtain uq is also constant with respect to the flow 
parameter s. Comparing this with (58) we obtain A: = 0. 

Proposition 20. Let {M,g) be the stationary Gddel type spacetime with = 
8w^ constant as in Proposition 10. Then Cotton flow equations (55) have 
exact solutions only when the k — 0, but this means that the Cotton tensor 
vanishes. 



6 Godel Type Metrics in Higher Curvature 
Theories 

In three dimensions when the stationary Godel type metrics with constant 
have further nice properties. It is possible to show that the tensors u^, 
ff^u and gf^iy satisfy the following tensorial algebra. 

Proposition 21. Let D=3 and the metric of spacetime he Godel type with 
constant p. Let the two dimensional space with metric h^^ he a space of 
constant Gaussian curvature. Then we have the following closed differential 
algebra of the tensors u^, f^y and g^^ 



ffWl 

^ IX gap 



n fnai 



^W^igixaUp - gpaUu,), 

0. 



(59) 
(60) 
(61) 
(62) 



From the previous Propositions (in particular Proposition 10) we can 
deduce that The Ricci, Einstein , curvature tensors and their contractions 
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at any order will be the linear sum the tensors Uf^u^, and g^,y. Hence the 
tensor differential algebra introduced in (59)-62) is effective to show that the 
gravitational field equations, for any gravitational action, are given as follows 

= Agf,^ + Bu^u^, (63) 
Vf.F" = Cu" (64) 

where A, B and C are constants depending upon the theory. This leads to 
the following result: 

Proposition 22. Let the action of gravitation contains all possible com- 
binations of Ricci, curvature and the antisymmetric tensor F^y and their 
covariant derivatives at any order. Then the tensor differential algebra in- 
troduced in (59)-(62) is effective to show that the gravitational field equations 
are solved when the metric is the stationary Gddel type metrics with con- 
stant f^ and the two dimensional background is a space of constant Gaussian 
curvature K, and F^i, — f^^, at all orders of the string tension parameter. 

7 Conclusion 

We showed that the metric of any three dimensional stationary spacetime 
with (?oo constant satisfies the Einstein-perfect fluid equations. The only 
differential equation to be solved is a first order partial differential for the 
components of the fluid velocity vector field. We then showed that in this 
spacetime symmetry with g^Q constant we find the most general solution of 
the TMG. This solution generalizes our previous sohition [1] (Proposition 
15). We showed that stationary Godel type metrics constitute a very simple 
solution of the Ricci flow equations an do not solve the Cotton flow equations 
(Propositions 19 and 20). Finally we discussed the possibihty that the sta- 
tionary Godel type metrics form a solution of the low energy limit of string 
theory with the most possible interactions of curvature and antisymmetric 
field F^j^i, (Proposition 22). 
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